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Piecewise Flat Extrinsic Curvature
Rory Conboye
Abstract
Discretizations of the mean curvature and extrinsic curvature components are con-
structed on piecewise flat simplicial manifolds, giving approximations for smooth cur-
vature values in a mostly mesh-independent way. These constructions are given in
combinatoric form in terms of the extrinsic hinge angles, the intrinsic structure of the
piecewise flat manifold and a choice of dual tessellation, and can be viewed as the av-
erage of n-volume integrals. The constructions are also independent of the manifold
dimension.
Keywords: Discrete differential geometry, Regge calculus, piecewise linear, second fun-
damental form, shape operator.
1 Introduction
The extrinsic curvature describes the shape of a manifold due to its’ embedding in some higher
dimensional manifold. For example the curvature of a smooth curve in Euclidean 2-space
E
2 is defined as the inverse of the radius of the circle that best fits the curve at each point.
Piecewise flat simplicial manifolds are generalizations to higher dimensions of piecewise linear
curves, and are formed by joining Euclidean n-simplices (line-segments, triangles, tetrahedra)
along their (n−1)-dimensional faces. Due to this piecewise flat nature the curvature cannot be
given in the same way as smooth manifolds. Instead, the shape resulting from an embedding
is determined by hinge-angles defined at the faces separating each pair of n-simplices. This
is easily visualised for a piecewise linear curve in E2, with an obvious angle between each
pair of line-segments.
This piecewise flat interpretation of the extrinsic curvature dates back to Steiner in the
1840’s [1], where the total mean extrinsic curvature of a tetrahedron is given as the sum
for each edge, of π minus the exterior dihedral angle, times the length of that edge. This
approach is similar to the deficit angles around co-dimension-2 simplices which give the
intrinsic curvature of a piecewise flat manifold, with the related total sum giving the Regge
action [2].
Piecewise flat manifolds can provide a discrete approximation for smooth manifolds in
a number of ways, and since they are geometric objects themselves, they provide many
advantages over other approximation techniques. However, while hinge angles are appropriate
for piecewise flat manifolds, they do not measure curvature in the same way as smooth
extrinsic curvature. What they do measure, is equivalent to the path integral of certain
curvature components across each hinge. Since the choice of path can be ambiguous, dividing
these integrals by a path length does not lead to a consistent definition.
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In this paper the curvature is instead averaged over a specific collection of n-volumes.
These n-volumes are given by a choice of dual tessellation and defined so as to intersect a
collection of hinges appropriate to either the mean curvature at a vertex, or the curvature
component orthogonal to a hinge. The n-volume integral is constructed using path integrals
across each hinge, given in terms of the hinge angles, and divided by the n-volume to give
an average value. This is an extension of an approach developed for intrinsic piecewise flat
curvature [3], which has lead to a piecewise flat Ricci flow in three dimensions.
Previous approaches for approximating smooth extrinsic curvatures have mostly been for
2-dimesnional surfaces in E3. One of the more prominent of these makes use of the cotan
formula of Pinkall and Polthier [4], giving the integrated mean curvature over areas dual to
vertices as a weighted sum of the edge vectors in E3, see for example Meyer et al. [5] and
a discussion about convergence by Wardetzky [6]. However as noted in [7], non-Delaunay
triangulations lead to negative weightings, which can cause certain issues to arise. While
methods exist to adapt a given triangulation to Delaunay for 2-surfaces, this is more difficult
for higher dimensions where Delaunay triangulations also become more restrictive [8]. Other
approaches have used weighted sums of the hinge angles bounding individual triangles [9],
and area variations for families of parallel polyhedral meshes [10], while methods related to
Regge calculus in the physics literature mostly concentrate on single hinges [11, 12, 13, 14].
The main results of the paper are highlighted in theorem 1 below, giving the piecewise
flat integrated curvature along a geodesic segment, the average mean curvature at a vertex,
and the average extrinsic curvature component orthogonal to each hinge. While the choice
of dual tessellation is left open for the remainder of the paper, for simplicity it is restricted
to tessellations which intersect each edge at its’ midpoint below. Such tessellations include
Voronoi, barycentric or the mixture area used in [5].
Theorem 1. Take an n-dimensional piecewise flat manifold Sn, embedded in En+1.
1. For a geodesic segment γ in Sn, intersecting a single hinge h at an angle θ to the vector
orthogonal to h in Sn, the integral of the second fundamental form α along γ is∫
γ
α(γˆ, γˆ) ds = cos θ ǫh +O(ǫ
3
h), (1.1)
for small hinge angle ǫh, with γˆ giving the unit tangent vector field to γ.
2. The average mean curvature over the dual n-volume Vv at a vertex v is
Hv := H˜Vv =
1
|Vv|
∑
h⊂star(v)
1
2
|h|ǫh, (1.2)
with |Vv| and |h| representing the n-volume measures of Vv and h respectively.
3. The average curvature orthogonal to h over an n-volume Vh (formed by the n-volumes
dual to the vertices in the closure of h, intersecting lines orthogonal to h in Sn), is
αh := α˜(γˆ, γˆ)Vh =
1
|Vh|
(
|h|ǫh +
∑
i
1
2
|hi| cos2 θi ǫi
)
, (1.3)
for hinges hi intersecting Vh, making an angle θi with h, with hinge angles ǫi.
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The paper begins with some preliminaries in section 2, giving definitions for piecewise flat
manifolds, hinge angles and triangulations of smooth embedded manifolds. The integral of
the extrinsic curvature over hinge-intersecting paths is then found in section 3. The following
two sections motivate the choice of volumes over which to compute the mean curvature and
hinge-orthogonal components, and prove expressions (1.2) and (1.3) for these volumes. The
curvature values for triangulations of a circle in E2 and a 2-sphere and 2-cylinder in E3 are
computed as examples throughout the paper, showing the constructions to match closely
with their smooth curvature values. Generalizations to embeddings in higher dimensions is
discussed briefly in section 6.
2 Piecewise Flat Manifolds and Submanifolds
2.1 Piecewise flat manifolds
A piecewise flat manifold Sn is a differential manifold which can be decomposed into Eu-
clidean segments, with the most simple given by n-simplices (line-segments, triangles, tetra-
hedra). The geometry of a Euclidean n-simplex is entirely determined by the lengths of its
edges, and so a simplicial piecewise flat manifold is also entirely determined by its simplicial
graph and set of edge-lengths.
Definition 2 (Piecewise flat manifolds).
1. A Euclidean k-simplex is an open subspace of a k-dimensional Euclidean space Ek, given
by the interior of the convex hull formed by k + 1 non-colinear points. An arbitrary
k-simplex is denoted σk, with its closure denote σ¯k.
2. A homogeneous simplicial n-complex is a connected graph of simplices up to dimension
n, where each simplex is either an n-simplex or a face of an n-simplex.
3. A piecewise flat manifold Sn is a homogeneous simplicial n-complex formed by Eu-
clidean n-simplices, such that the metric for each k-simplex σk is consistent with the
metrics of all n-simplices containing σk in their closure.
4. The star of a k-simplex σk is the subspace of a piecewise flat manifold Sn formed by
the set of simplices σmi containing σ
k in their closures, i.e. star(σk) = {σmi |σ¯mi ⊃ σk}.
In two dimensions this is comonly referred to as a 1-ring.
The development from one n-simplex to an adjacent n-simplex is still Euclidean, with
deviations from a Euclidean manifold arising for closed paths around co-dimension-two sim-
plices. The parallel transport of a vector around such a path deviates by an intrinsic deficit
angle associated with the co-dimension-two simplex, in the plane orthogonal to it. The in-
trinsic curvature of a piecewise flat manifold is characterised by these intrinsic deficit angles,
which can be derived from the simplicial graph and set of edge-lengths, much like smooth
curvature can be given in terms of the metric.
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2.2 Hinge angles
Any pair of n-simplices joined along a common (n−1)-face can be linearly embedded in En+1
so that each n-simplex is flat. The common (n − 1)-simplex is known as a hinge, denoted
h, and the relative directions of the two n-simplices is determined by a hinge angle ǫh in the
plane orthogonal to h in En+1. There are many, mostly equivalent, methods for defining the
hinge angle, see for example [15, 13]. One such method uses the angle φ between the positive
normal vector n to one of the n-simplices, from a given orientation, and the inward-directed
vector v tangent to the other n-simplex and orthogonal to h. The hinge angle ǫh := π/2− φ,
and is positive when the n-simplices are concave from the given orientation, and negative
when convex.
h
n

v

ϕ
h
n

v

ϵh
Figure 1: Pair of triangles linearly embedded in E3, showing the hinge h and hinge angle ǫh.
A piecewise flat manifold Sn is considered as a piecewise flat submanifold of En+1 if it
can be embedded piecewise-linearly so that each simplex is flat in En+1. The hinge angles ǫh
associated with each (n−1)-simplex h are determined by the specific embedding of Sn in En+1,
and the embedding itself is determined by these angles, up to Euclidean transformations.
Remark 1. Note that the notation for the hinges and hinge angles in this paper coincides with
the notation for the co-dimension-two simplices and deficit angles respectively in [3]. This is
done to emphasize the similarity between the piecewise flat extrinsic curvature constructions
developed here, and the intrinsic curvature constructions in [3].
2.3 Approximating submanifolds
A smooth submanifold Mn ⊂ En+1 can be approximated by a piecewise flat submanifold
Sn ⊂ En+1 in a number of ways. Generally, a homogeneous simplicial complex is first
defined on Mn, with Sn then defined using the same simplicial complex with either the
vertices coinciding with those on Mn or the n-simplices tangent to Mn at some point in their
interior. The piecewise flat submanifold Sn may then be globally rescaled in order to have
an equivalent n-volume to Mn.
In order for Sn to be a good approximation for Mn, both the deficit angles and hinge
angles should be uniformly small. This can be achieved by defining the simplicial complex
on Mn so that the n-simplices are small with respect to both the intrinsic and extrinsic
curvature of the manifold. This gives a high resolution where either of the curvatures are
high, and a lower resolution in regions where Mn is almost flat.
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Example 3 (Approximation of smooth manifolds).
1. A regular triangulation of a circle in E2 can be given by first subdividing the circle
into k equal length arcs. A regular k-sided polygon can then be defined in E2, with
edge-lengths of size |ℓ| = 2πr/k where r is the radius of the circle. The hinge angles
are based at the vertices of the polygon and are of size ǫh = −2π/k.
2. A regular triangulation of a 2-sphere in E3 can be defined similarly, using an icosahedron
formed by 20 equilateral triangles. For a total area equal to that of a 2-sphere of radius
r, the length of each edge is |ℓ| =
√
4π
5
√
3
r. The hinge angles are based at the edges
with an angle of ǫh = − arccos[
√
5/3] ≃ −0.23228π.
3. A cylinder in E3 can be approximated by starting with regular k-sided polygons for
the cross-sectional circles, set at regular intervals of length p apart, with edges denoted
ℓa. The corresponding vertices for neighbouring polygons can then be joined by new
line-segments denoted ℓb, of length p, forming a surface of flat rectangles. A simplicial
manifold is formed by introducing diagonals to each rectangle, denoted ℓc. The length
and hinge angle associated with each type of edge is given in table 1 below.
Edge |ℓ| ǫℓ
ℓa 2πr/k 0
ℓb p −2π/k
ℓc
√|ℓa|2 + |ℓb|2 0
Table 1: Edge-lengths and hinge angles for a piecewise flat approximation of a cylinder in
E
3.
h
-ϵh
h
-ϵh
la
lb
lc
Figure 2: Triangulations of a circle in E2, and of a sphere and cylinder in E3.
5
3 Smooth Extrinsic Curvature and Path Integrals
3.1 Smooth extrinsic curvature
For a smooth submanifold Mn ⊂ En+1, the extrinsic curvature at each point x ∈ Mn gives
a measure of how the manifold near x deviates from the tangent space at x. This curvature
is given by the second fundamental form, a symmetric bilinear form, see for example [16].
For any pair of vector fields u and v tangent to Mn in a neighbourhood U of x, the second
fundamental form is given by the normal component of the change in u in the direction of v:
α(u, v) := 〈∇vu, nˆ〉 , (3.1)
where nˆ is the unit normal vector field toMn over U , ∇ is the covariant derivative associated
with the flat connection on En+1 and 〈·, ·〉 is the inner product on En+1.
Since the normal vector field nˆ is everywhere orthogonal to the vector fields u and v in
U ⊂Mn, the second fundamental form can also be viewed as the change in nˆ along v, taking
the u component of the result:
α(u, v) ≡ −〈∇vnˆ, u〉 =: 〈Q(v), u〉 , (3.2)
with Q(v) known as the shape operator. The covariant derivative can also be given in terms
of the infinitesimal parallel transport of vectors, which is trivial in Euclidean space. For an
integral curve ξ of the vector field v,
∇vu|x = lim
∆x→0
T ξ(x+∆x)→xu(x+∆x)− u(x)
∆x
, (3.3)
with T ξx→yu denoting the parallel transport of the vector u at x, along the curve ξ to y.
All of the second fundamental form values at a point x ∈ U can be found from those
given by a set of n linearly independent vector fields in U . These consist of n values for a
repeated argument, and (n−1)/2 for pairs of different vector fields. Over the neighbourhood
U these give a set of (n+1)/2 field components, forming a symmetric tensor field commonly
referred to as the extrinsic curvature tensor. In the physics literature this tensor is denoted
by K, with Kab u
avb := α(u, v), with Einstein summation assumed over repeated indices.
The second fundamental form can also be seen as a quadratic form, acting on a single
vector field at a time,
α(u) := α(u, u) ≡ Kab uaub. (3.4)
Values of the bilinear form with mixed arguments can also be given in terms of the quadratic
form, using the bilinearity and symmetry of the former. For two vector fields u, v tangent to
Mn in U ⊂ Mn, the action of the bilinear form on the difference vector field u − v can be
expanded,
α(u− v, u− v) = α(u, u)− 2α(u, v) + α(v, v)
⇔ α(u, v) = 1
2
(α(u) + α(v)− α(u− v)) . (3.5)
The complete second fundamental form at each point x ∈Mn can therefore also be given by
the quadratic form values for a set of n linearly independent vector fields in U , and for the
(n− 1)/2 vector fields given by the difference between each pair of these.
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3.2 Path integrals of curvature along geodesic segments
Due to the nature of piecewise flat manifolds, infinitesimal application of the second fun-
damental form will give zero curvature within each n-simplex, and an infinite value at the
hinges. However, since the hinge angles should be seen as integrated quantities, the path
integral of the second fundamental form along smooth manifold geodesics is first investigated
below.
Lemma 4 (Smooth geodesic curvature integral). Take a geodesic segment γ(s) : [0, 1] →
Mn ⊂ En+1, with unit tangent vectors γˆs ∈ Tγ(s)Mn. The integral along γ of the second
fundamental form α(γˆ), is equal to the angle between γˆ0 and γˆ1 in E
n+1,
aγ :=
∫
γ
α(γˆ) ds = ψ (γˆ0, T
γ
1→0γˆ1) . (3.6)
The term ψ represents the angle between its two arguments, and is deemed positive if the
normal component of the vector T γ1→0γˆ1 − γˆ0 is in the positive nˆ direction, and negative
otherwise.
Proof. From the definition of the second fundamental form in (3.1),∫
γ
α(γˆ) ds =
∫
γ
〈∇γˆ γˆ, nˆ〉 ds. (3.7)
The vector field ∇γˆ γˆ must be parallel to nˆ at each point of γ, since it is a geodesic curve in
Mn with ∇Mγˆ γˆ = 0, where ∇M is the restriction of ∇ to Mn. This derivative can also be
given in terms of the parallel transport along γ, with
∇γˆ γˆ |γ(s) = lim
∆s→0
T γ(s+∆s)→sγˆ(s+∆s) − γˆs
∆s
. (3.8)
In the limit above, the vector in the numerator can be denoted dψ nˆ, where dψ is the in-
finitesimal angle of rotation between γˆs and the parallel transport of γˆ(s+ds) back to the point
γ(s). This infinitesimal angle will be positive if the difference is in the positive nˆ direction,
and negative otherwise. The integral of the curvature along γ therefore becomes∫
γ
α(γˆ) ds =
∫
γ
〈∇γˆ γˆ, nˆ〉 ds =
∫
γ
〈
dψ
ds
nˆ, nˆ
〉
ds =
∫
γ
dψ = ψ (γˆ0, T
γ
1→0γˆ1) , (3.9)
with the finite angle ψ being positive if the normal component of T γ1→0γˆ1− γˆ0 is in the positive
nˆ direction, and negative otherwise.
Applying the result of the lemma above to a hinge h in a piecewise flat manifold Sn ⊂ En+1
can easily be seen to give the hinge angle ǫh as the integratal of the curvature along a path
intersecting h orthogonally. The right hand side of (3.6) can even be used to define the hinge
angles. More interestingly, lemma 4 can also be used to define the integrated curvature along
paths which are not orthogonal to a hinge h in terms of the hinge angle ǫh.
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Theorem 5 (Piecewise flat geodesic curvature integral). For a geodesic segment γ(s) :
[0, 1] → Sn ⊂ En+1, intersecting a single hinge h at an angle θ to the vector orthogonal
to h, the integrated curvature along γ is
aθh := aγ = cos θ ǫh +O(ǫ
3
h), (3.10)
for a small hinge angle ǫh, with the higher order terms vanishing for θ ∈ {0,±π/2}.
Proof. A geodesic path in Sn will be a straight line in each n-simplex that it intersects. The
parallel transport of the vector γˆ1, tangent to γ at the point γ(1), to the point γ(0) will have
its component orthogonal to h rotated by the hinge angle ǫh, with the remaining components
unchanged. From figure 3 it is clear that
sin
1
2
ψ(γˆ0, T
γ
1→0γˆ1) = cos θ sin
1
2
ǫh. (3.11)
For cos θ ∈ {0, 1} the sin’s can be removed from both sides of the equation, otherwise for
small hinge angle ǫh the equation reduces to ψ(γˆ0, T
γ
1→0γˆ1) = cos θ ǫh +O(ǫ
3
h).
θ
θ
ψ γ1
T γ1

ϵ θ
ψ 1
1
cosθ
1
2
ϵ θ
1
2
ψ 1
cosθ sin 1
2
ϵ
Figure 3: The star of a hinge h is shown on the left, with a geodesic curve γ and the parallel
transport of γˆ1 to γ(0). The vectors γˆ0 and T
γ
1→0γˆ1 are compared on the right.
Since lim|γ|→0 aγ gives the infinitesimal curvature α(γˆ) in a smooth manifold, the piecewise
flat integrated curvature aθh can be seen as a discretization with the length of γ becoming
small with respect to the lattice rather than vanishing. In this sense, small corresponds to
intersecting one and only one hinge, though this will be shown to be too small in the following
sections. Instead these geodesic integrals will be used to give volume integrals over regions
intersecting specific collections of hinges.
4 Mean Curvature
The mean curvature of a smooth manifold Mn ⊂ En+1 is a scalar field on Mn, given by the
trace of the second fundamental form. For an orthonormal set of vector fields {e1, ..., en} in
a neighbourhood U ⊂Mn, the mean curvature field over U is
H :=
n∑
i
α(ei, ei) =
n∑
i
α(ei). (4.1)
This can be used with theorem 5 to compute the integral of the mean curvature over certain
n-dimensional subregions of a piecewise flat manifold Sn.
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Lemma 6 (Integral of mean curvature over subregion of a hinge star). Over any n-dimensional
region D ⊂ star(h) ⊂ Sn, the integral of the mean curvature is∫
D
H dV n = |hD|ǫh, (4.2)
where |hD| represents the (n− 1)-volume of h ∩D.
Proof. By the definition of the mean curvature, the integral above can be given in terms of
the second fundamental form for an orthonormal set of vector fields {e1, ..., en} in D,∫
D
H dV n =
∫
D
[
n∑
i
α(ei)
]
dV n (4.3)
Since the star of each hinge is intrinsically Euclidean, these vector fields can be chosen to
represent a Cartesian coordinate frame, with their integral curves given as geodesic lines
within D ⊂ Sn. The integral and sum therefore commute and can be swapped, with the
integrals for each value of i above then given in terms of the geodesic curvature integrals,∫
D
[
n∑
i
α(ei)
]
dV n =
n∑
i
[∫
D
α(ei) dV
n
]
=
n∑
i
[∫
hD
aθih dV
n−1
]
, (4.4)
with only the lines intersecting hD having non-zero integrated curvature. Choosing the vector
field e1 to be orthogonal to the hinge h, the integral curves of the remainder of the vector
fields will not intersect h. The sum in (4.4) can therefore be reduced to a single term, with∫
D
H dV n =
∫
hD
aθ1=0h dV
n−1 = ǫh
∫
hD
dV n−1 = |hD|ǫh, (4.5)
with the hinge angle ǫh invariant over h.
This result matches some earlier definitions in the literature [11, 14], associating an in-
tegrated mean curvature of |h|ǫh with each hinge. Such a definition also leads naturally to
Steiner’s total mean curvature
∑
h |h|ǫh from [1]. However, unlike the smooth case, hinges
have a directionality associated with them for n > 1, specifically the direction orthogonal to
each hinge in Sn. Taking the cylinder in example 3, each type of hinge will have a different
value of |h|ǫh, while a smooth cylinder has the same mean curvature value everywhere.
The mean curvature at each point of a smooth manifold Mn ⊂ En+1 can be seen as an
average of the second fundamental form over all directions in Mn. Since regions enclosing
single vertices give the most general collection of hinge orientations in a piecewise flat manifold
Sn, the piecewise flat mean curvature will be given here by integrating over the n-dimensional
regions of a dual tessellation of Sn, similar to [17, 5]
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Definition 7 (Vertex regions). A decomposition of a piecewise flat manifold Sn, into n-
dimensional regions Vv dual to each vertex v, is defined so that:
1. The vertex v ∈ Vv, but no other vertices are contained within Vv.
2. The regions Vv form a complete tessellation of S
n,
|Sn| =
∑
v∈Sn
|Vv|, Vvi ∩ Vvj = ∅ ∀ i 6= j. (4.6)
with |Sn| and |Vv| representing the n-volumes of Sn and Vv respectively.
3. Only hinges hv in the star of v intersect Vv.
This gives the most general definition of a dual tessellation for the constructions that
follow. The third property is not strictly necessary but is deemed a reasonable requirement,
with Voronoi tessellations satisfying this condition only where Sn gives a Delaunay triangula-
tion for example. It also seems reasonable to require an additional property which distributes
the total n-volume of Sn in some consistent manner over the subregions Vv. However there
are many different methods for doing this, most of which are incompatible with one another,
such as the Voronoi and barycentric tessellations. Such a property will therefore not be
imposed here.
Theorem 8 (Piecewise flat mean curvature). The average mean curvature over a dual n-
volume Vn is
Hv := H˜Vv =
1
|Vv|
∑
h⊂star(v)
|h|Vv |ǫh, (4.7)
with h|Vv = h ∩ Vv, and |Vv| representing the n-volume of Vv.
Proof. The region Vv can be decomposed into subregions Dh, each enclosing the intersection
of the hinge h with Vv, and no part of any other hinge. The integral of the mean curvature
over each subregion Dh is given by lemma 6, with the total integral over Vv then given by
the sum of these, ∫
Vv
H dV n =
∑
h⊂star(v)
∫
Dh
H dV n =
∑
h⊂star(v)
|h|Vv |ǫh. (4.8)
The average curvature is then found by dividing the integral by the volume of Vv.
Remark 2. Instead of the hinge angles, in [17] and [5] the mean curvature comes from the
curvature along the edges, essentially given by comparing the tangent vector of the edge
with a normal vector constructed at the vertex. These curvatures can be distributed over
triangular segments of a Voronoi region Vv associated with each edge. The segments, known
as hybrid cells in [18, 14], are formed by the given vertex and the circumcenters of the triangles
on either side of each edge. Integrating over this distribution of curvatures gives precisely
the cotan formula of [4, 5, 6, 7]. This can also be extended to higher dimensions, where the
curvature associated with each edge can be computed in the same way, and the volume of
these circumcentric hybrid cells is also easily found.
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Unlike other vertex-based mean curvatures, the piecewise flat mean curvature given in
theorem 8 above still gives the same total mean curvature expression as that of Steiner [1].
Corollary 9 (Total mean curvature). The total mean curvature over a piecewise flat manifold
Sn is ∫
Sn
Hv dV
n =
∑
h⊂Sn
|h|ǫh. (4.9)
Proof. The integral of Hv over S
n is equal to the sum of the integrals for each vertex volume
Vv. Each part of a given hinge h must be contained in a single volume Vv, since the volumes
Vv form a tessellation of S
n, and since the deficit angles ǫh are fixed over h, the contribution
from each hinge will be |h|ǫh. The total integral is then given by the sum of these terms for
all hinges h ⊂ Sn.
Example 10 (Piecewise flat mean curvatures).
1. For a piecewise linear curve in E2 there is an unambiguous vertex region given by half
of each edge in the star of each vertex. For the k-sided polygon approximation of a
circle, the mean curvature at each vertex is
Hpolyv =
ǫv
|ℓ| =
−2π/k
2πr/k
= −1
r
, (4.10)
which is exactly equal to the smooth curvature of a circle in E2.
2. Due to the high level of symmetry in the icosahedron approximation of a 2-sphere in
E
3, there is also an unambiguous choice of vertex region Vv. This region is formed
by the convex hull of the symmetric centres of the equilateral triangles in the star
of the vertex. With 12 vertices in an icosahedron, the area of each vertex region
|Vv| = 4πr2/12 = πr2/3, with the mean curvature then given by
H icosv =
5(1
2
|ℓ| ǫℓ)
|Vv| =
15
2πr
√
4π
5
√
3
(
− arccos
[√
5
3
])
≃ −2.09851
r
, (4.11)
which gives a good approximation for H = −2/r, the mean curvature of a smooth
2-sphere in E3.
3. The most regular vertex regions in the piecewise flat approximation for the cylinder
are given by intrinsically rectangular regions with the vertex at the centre, and sides
parallel with the edges ℓa and ℓb. These give the Voronoi regions around each vertex,
and an area of |Vv| = |ℓa| × |ℓb| = 2πrp/k. For a vertex region intersecting q diagonal
edges ℓc (which can range from 0 to 4), the mean curvature is
Hcylv =
2 1
2
|ℓa|ǫa + 2 12 |ℓb|ǫb + q 12 |ℓc|ǫc
|Vv| =
−2πp/k + 0 + 0
2πrp/k
= −1
r
. (4.12)
This value is constant for all vertices, is invariant to the number of diagonal edges ℓc
intersected, and gives exactly the mean curvature of a smooth cylinder in E3.
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5 Hinge-Orthogonal Component
Due to the structure of the hinge angles, the most natural values of the second fundamental
form are those given by vector fields orthogonal to each hinge. However regions enclosing
single hinges can be seen to be insufficient, similar to the mean curvature, which can be
shown from both the sphere and cylinder triangulations in example 3.
The regular shape of the icosahedron approximation of a 2-sphere means it can be tessel-
lated regularly into regions Dh associated with each hinge. Using part of the arguments from
the proof of lemma 6, the average value of the component orthogonal to a hinge h can then
be given by the expression |h|ǫh/Dh. However the resulting value differs from the smooth
curvature by a factor of about two. Even more problematic are the diagonal edges ℓc in the
cylinder example. These have zero hinge angles, and so the expression |ℓc|ǫc/Dc vanishes,
which is clearly not the case for the corresponding smooth curvature component. The issue
with the sphere can be attributed to the fact that there are n linearly independent vectors at
each point, while using tessellations assigns each point to a single curvature component. The
cylinder problem implies that a region intersecting a larger collection of hinges is required.
A plausible solution is to follow the mean curvature approach, but to use a union of the
vertex regions Vv for the vertices v in the closure of each hinge. Unfortunately the vectors
orthogonal to a given hinge cannot be defined over the regions Vv in an unambiguous way. A
new set of n-dimensional regions is therefore defined as a subspace of this union, where vectors
can be parallel transported unambiguously, and where the integrated curvature components
are stable to small deviations of hinges across the boundaries internal to each vertex region.
Definition 11 (Hinge regions). The n-dimensional regions Vh associated with each hinge h
are defined as the union of the regions Vv dual to the vertices v in the closure of h, intersected
with the geodesic extensions γ⊥h of the lines orthogonal to h,
Vh := (∪v Vv) ∩
∫
h
γ⊥h dV
n−1, such that v ∈ h¯. (5.1)
Each region Vh contains all of the hinge h, and parts of other hinges, and will overlap
with regions of these other hinges. The average curvature orthogonal to each hinge h is now
given by integrating over these hinge regions.
Theorem 12 (Piecewise flat hinge-orthogonal curvature). In a piecewise flat manifold Sn ⊂
E
n+1, the average curvature component orthogonal to a hinge h over the region Vh is
αh := α˜(γˆ
⊥
h )Vh =
1
|Vh|
(
|h|ǫh +
∑
i
|hi ∩ Vh| cos2 θi ǫi +O(ǫ3i )
)
, (5.2)
with the sum taken over the other hinges hi intersecting Vh, with ǫi representing the hinge
angle at hi, and θi the angle between γ
⊥
h and the lines orthogonal to each hinge hi.
Proof. For each geodesic segment γ := γ⊥h ∩ Vh, the path integral of the second fundamental
form α(γˆ) along γ is given by the sum of the contributions from each hinge it intersects,
aγ = ah +
∑
i
aθihi = ǫh +
∑
i
cos θi ǫi +O(ǫ
3
i ). (5.3)
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Vv
Vh
Vv
Vh
hi⋂Vh
θ
hi⋂Vh cosθ
Figure 4: Hinge region for an icosahedron in E3.
The integral of α(γˆ) over the entire region Vh is then given by integrating these path integrals
over all of h, which can also be given by a sum of contributions from each hinge,∫
Vh
α(γˆ) dV n =
∫
h
aγ dV
n−1 = |h|ǫh +
∑
i
∫
h
aθihi dV
n−1. (5.4)
For each hinge hi, the cross-sectional (n−1)-volume of the geodesic segments γ which intersect
hi is |hi ∩ Vh| cos θi, see figure 4 for example. Since θi and ǫi are constant over each hinge hi,
the final expression for the integral of α(γˆ) over Vh is∫
Vh
α(γˆ)dV n = |h|ǫh +
∑
i
|hi ∩ Vh| cos2 θi ǫi +O(ǫ3i ). (5.5)
The average value is then given by dividing by the n-volume of the region Vh.
For a two dimensional piecewise flat manifold S2 ⊂ E3, the second fundamental form can
be completely determined within each triangle, using the curvature orthogonal to each of the
edges (hinges) ℓ ⊂ S2. For any given triangle, with edges denoted ℓ1, ℓ2 and ℓ3,
|ℓ1| ℓˆ⊥1 + |ℓ2| ℓˆ⊥2 + |ℓ3| ℓˆ⊥3 = 0. (5.6)
Taking the normal vectors to two of the sides within S2 as basis vectors, the relation above
can be used instead of the difference vector in equation (3.5) to give the second fundamental
biliear form for mixed arguments as
α(ℓˆ⊥1 , ℓˆ
⊥
2 ) =
1
|ℓ1| |ℓ2|
(
−α(|ℓ1| ℓˆ⊥1 )− α(|ℓ2| ℓˆ⊥2 ) + α(|ℓ1| ℓˆ⊥1 + |ℓ2| ℓˆ⊥2 )
)
=
1
|ℓ1| |ℓ2|
(−|ℓ1|2 αℓ1 − |ℓ2|2 αℓ2 + |ℓ3|2 αℓ3) . (5.7)
This gives a complete extrinsic curvature tensor within each triangle, using only the hinge-
orthogonal curvatures.
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Example 13 (Hinge-orthogonal piecewise flat curvature components).
1. For a piecewise linear curve in E2 the curvature component αh ≡ Hv. In the case of the
k-sided regular polygon, this gives a curvature component of α = −1/r which is equal
to the smooth curvature of a circle in E2.
2. The hinge region Vh for the icosahedron consists of two thirds of the area of each of
the equilateral triangles on either side of the hinge (edge) h, and a sixth of the four
triangles bounding these, see figure 5, so that |Vh| = 2 × 4πr2/20 = 2πr2/5. There
are four other edges with half of their lengths intersecting this volume, each making
an angle of θ = π/3 with h. The curvature component orthogonal to each hinge is
therefore
αh =
|ℓ|ǫ+ 4 (1
2
|ℓ| cos2 π
3
ǫ
)
|Vh| =
15
4πr
√
4π
5
√
3
(
− arccos
[√
5
3
])
≃ −1.04926
r
, (5.8)
which approximates the curvature components of a smooth 2-sphere, α(uˆ) = −1/r, to
the same level of accuracy as the mean curvature.
3. Since the piecewise flat approximation of the cylinder is intrinsically flat, with zero
deficit angles around each vertex, the hinge regions will consist of half of the areas of
each of the two vertex regions, so |Va| = |Vb| = |Vc| = 2πrp/k. For the hinge regions Va
and Vb, there are edges ℓb and ℓa on the boundaries, with q representing the number of
diagonal edges ℓc (from zero to four).
Vv Vh
Vv
Vh 1
2
lb
θ
1
2
lb cos θ
Figure 5: Hinge region for cylinder triangulation edge ℓc.
The angles between each pair of edges are θab = π/2, θac = arctan [|ℓb|/|ℓa|] and θbc =
arctan [|ℓa|/|ℓb|], and the curvature components orthogonal to each type of hinge are
αa =
|ℓa|ǫa + 212 |ℓb| cos2 π2 ǫb + q 12 |ℓc| cos2 θac ǫc
|Va| = 0, (5.9)
αb =
|ℓb|ǫb + 212 |ℓa| cos2 π2 ǫa + q 12 |ℓc| cos2 θbc ǫc
|Vb| = −
1
r
, (5.10)
αc =
|ℓc|ǫc + 212 |ℓa| cos2 θac ǫa + 212 |ℓb| cos2 θbc ǫb
|Va| = −
cos2 θbc
r
. (5.11)
These exactly match the smooth values, where the curvature component for a unit
vector uˆ tangent to a cylinder, making an angle θ with a circular cross-section in E3, is
α(uˆ) = − cos2 θ/r.
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6 Generalized Embeddings
For a smooth manifold Mn ⊂ En+m the second fundamental form is valued in the normal
tangent bundle to Mn in En+m. For m = 1, Mn is a hypermanifold and the normal bundle
is one dimensional, so the scalar values of the magnitude is all that is required to determine
the extrinsic curvature. For m > 1, the second fundamental form is instead defined as
α(u, v) := 〈∇vu, nˆα〉 nˆα, (6.1)
where nˆα is the unit normal vector to M
n which gives the projection of ∇vu into the normal
bundle. As can be seen by the Serret-Frenet frame for a curve in E3, see for example [15],
the curvature is no longer sufficient to describe the embedding of Mn into En+m completely,
with information about the variation in nˆα over M
n also required.
Not all piecewise flat manifolds can be embedded in a Euclidean space of only one extra
dimension, but can be embedded if the dimension of the Euclidean space is increased. For
an embedding of Sn into En+m, with m > 1, the normal vector to each n-simplex is no longer
unique. However for each hinge h there is an unambiguous subspace En+1 ⊂ En+m containing
the two n-simplices on either side of h, where the angle ǫh can be defined. The hinge angle
can then be multiplied by the unit vector nˆh, normal to h in E
n+1, which makes equal angles
with the normal vectors to each n-simplex in the star of h. Since these (n + 1)-dimensional
spaces will not be consistent across all hinges, the relationship between them is also required
for a complete description of the embedding, as with the smooth case.
The integral of the magnitude of the second fundamental form, tangent to a geodesic
curve γ ⊂ Mn ⊂ En+m, will still be given by aγ from lemma 4. As a result, the integral
of the magnitude of the piecewise flat curvature across a hinge h ⊂ Sn ⊂ En+m will still be
given by aθh from theorem 5. Equations (4.7) and (5.2) then give the average magnitudes of
the mean and hinge-orthogonal curvatures. Orientations for these curvatures could then be
determined by a weighted average of the unit normal vectors at each hinge. However the
details should depend on a complete piecewise flat version of the smooth variation of the unit
normal vectors nˆα.
7 Conclusion
Expressions have been given for the piecewise flat mean curvature at each vertex (4.7) and
the extrinsic curvature components orthogonal to the hinges (5.2) of a piecewise flat manifold
Sn ⊂ En+1, and shown to give good approximations for triangulations of a circle in E2 and
a sphere and cylinder in E3. Since these expressions depend on a collection of hinges, they
should be stable to different triangulations of the same smooth manifold, as long as the
triangulations give small deficit and hinge angles everywhere. The definitions are also not
dependent on any individual choice of dual tessellation, as long as the properties of definition
7 are satisfied, and can be used in any dimension.
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